Due to its unique properties of low mass density, high frequency, high quality-factor and intrinsically small size, graphene has received significant attention and is considered as an ideal material for fabricating nanomechanical systems. In this work, we demonstrate theoretically the coherent optical propagation under different detuning regimes in the graphene resonator-microwave cavity system. In the red detuning, optomechanically induced transparency induced the slow light effect is investigated and the maximum group delay can reach 0.4 ms. In the blue detuning, advancing microwave signal can reach 0.12 ms, and the parametric amplification process can behave as an optical transistor to amplify a weak microwave field via manipulating the pump field. Further, we research the nonlinear effects of four-wave mixing (FWM), and the FWM intensity can be efficiently controlled and modulated by the pump power, such as FWM spectrum can present the phenomenon of normal mode splitting with controlling the pump power. A straightforward optical means for determining the frequency of the resonator by the FWM spectrum is also presented. The graphene optomechanics may indicate applications in quantum information processing.
Introduction
Graphene, atomically thin two-dimensional (2D) nanomaterial consisting of a single layer of carbon atoms, has received tremendous attention in recent years. Due to its unique properties of low mass density, high frequency, high quality-factor and intrinsically small size, graphene may be considered as the ultimate nanomaterial for fabricating nanomechanical systems (NMSs) [1] [2] [3] [4] to investigate the quantum behavior of the motion of micromechanical resonators. Due to these properties, graphene-based NMSs have potential applications in force detection [5] [6] [7] and mass sensing [8, 9] . However, all these scientific applications are accomplished still in the classical regime at present. Although the detection and characterization of graphene resonators based on the previous optical method [5] and radiofrequency techniques [1] [2] [3] 10] have been demonstrated, how to provide a clear path towards the quantum regime is still a challenge. Reaching the quantum regime with mechanical resonators has attracted considerable interest [11] at present.
Three groups using a piezoelectric resonator [12] , a superconducting resonator [13] , and an opto-mechanical crystal [14] , respectively, have been successful demonstrated that the number of vibrational quanta of the nanoresonator can be lowered below one. Photothermal interaction between the motion of a mechanical resonator made with graphene and light was observed [15] , where an on-chip trench covered by graphene to form a optical cavity. However, since the graphene end mirror is 98% transparent, the quality factor value Q of the graphene resonator was much less than 1. Thus the canonical radiation pressure phenomena observed in typical cavity optomechanical system (C-OMS) [11, [16] [17] [18] is hard be observed in graphene resonator system [15] .
On the other hand, optomechanics systems (OMS) [11] , investigating radiationpressure-induced coherent photon-phonon interactions, have drawn one's attention due to they pave the way for potential applications of optomechanical devices, such as phonon laser [19, 20] , the realization of squeezed light [21] [22] [23] , and ground-state cooling [12] [13] [14] . Another remarkable advance discovered in the OMS is optomechanically induced transparency (OMIT) [24] [25] [26] [27] [28] , which provides a new way to store light in solid-state devices [29, 30] . Additionally, mechanically-mediated delay (slow-light) and advancement (fastlight) of signals based on OMIT have been observed both in optical [27] and microwave domains [29, 31] , which will offer new prospects for on-chip solid-state architectures capable of storing, filtering, or synchronizing optical light propagation.
Due to the radiation pressure in graphene resonator system is more weaker than in OMS [11] , to amplify the radiation pressure, fabricating cavity optomechanics systems with graphene resonators and high quality factors superconducting microwave cavity are a natural candidate. Multilayer graphene resonators with high-Q capacitively coupled to superconducting microwave cavities have been demonstrate experimentally currently [32, 33] . Compared with monolayer graphene, multilayer graphene owns the virtue of lower electrical resistance, and the atomically thin 2D shape of graphene is ideal for large capacitive coupling, which is advantageous for coupling to a superconducting cavity, although multilayer graphene has higher mass than a monolayer. Additionally, graphene optomechanics, in which the interaction between light and micromechanical motion via the radiation pressure, based on a bilayer graphene resonator coupled to a microwave on-chip cavity has been investigated experimentally most recently [34] . Therefore, the realization of graphene optomechanics in experiment is promising for reaching the quantum regime of graphene motion. If the graphene optomechanical cavity system [34] is driven by a strong pump field with frequency ω p and a weak probe field with frequency ω s , the coherent propagation properties such as optomechanically induced absorption (OMIA) and optomechanically induced reflection (OMIR) can appear in the system due to the optical radiation pressure [33] . Besides the fields at the driven field frequencies ω p and ω s , a optical four-wave-mixing (FWM) field with frequency 2ω p -ω s will also emerge in the graphene optomechanical system. FWM, as typical nonlinear optical phenomenon, is investigated in OMS, such as the mode-splitting in strong coupling optomechanical system [35] , coherent mechanical driving OMS [36, 37] , and a two-mode cavity optomechanical system [38] . Usually, the power of the output FWM field is still much less than the power of the input probe field, as we know there is no experimental reports on the demonstration of FWM field in optomechanical systems up to now, and FWM slao have been seldom studied in graphene optomechanical system.
In the present paper, we demonstrate the tunable ultraslow light effect based on the phenomena of OMIT [24] [25] [26] [27] in the graphene nanomechanical resonator-microwave cavity system, and the maximum group delay of the transmitted probe field is about 0.4 ms. The superluminal light effect induced by the photon-phonon interaction can also appear at the blue sideband, and the system can behave as a photonic transistor effectively controlling the propagation of the microwave field. Further, we theoretically investigated the FWM field in the graphene optomechanical system. The generated FWM field is induced by the radiation pressure force on the graphene mechanical resonator, the strength of the FWM field can be modulated by the pump field power, and a high FWM conversion efficiency can obtain at low pump power. Moreover, a nonlinear optical scheme for determining the frequency of a graphene resonator is also presented.
System and method
Graphene cavity optomechanical system [32] [33] [34] , composed of a graphene mechanical resonator capacitively coupled to a high-Q microwave cavity resonator denoted by equivalent inductance L and equivalent capacitance C, is sketched in Fig. 1 . In Fig. 1 , the coupling capacitance can be approximated by
where h is the width of the suspended part of graphene, W is the width of the gate below the graphene, d is the narrow vacuum gap, and x denotes the displacement of the maximum deflection point of the garphene membrane from the equilibrium position [34] . Therefore, the total capacitance C tot (x) of the coupled cavity can be summed up as a constant C and a small x-dependent part C g (x). The resonance frequency of this microwave cavity hence is ω c = 1/ L(C + C g (x)). A strong pump field with frequency ω p and a weak probe field with frequency ω s are applied to the microwave cavity simultaneously. The beating of the two fields induces the graphene mechanical resonator to vibrate, which can change the capacitance of the microwave cavity and thus its resonance frequency. In a rotating frame of the pump frequency ω p , the Hamiltonian of the system as follows [31, 34, 39] The first term is the energy of the microwave cavity with the creation (annihilation) operator a + (a) of the microwave cavity and p = ω c -ω p is the cavity-pump field detuning. The second term indicates the energy of the graphene mechanical resonator, resonance frequency ω m and effective mass m eff . The third term corresponds to the capacitive coupling between the microwave cavity and the graphene mechanical resonator, where g = (∂ω c /∂x)x zp is the coupling strength between the cavity and the graphene resonator, and x zp = √ /2m eff ω m is the zero-point motion of the nanomechanical resonator. Due to the properties of graphene, the value of x zp is nearly two orders of magnitude larger than the same number of metallic membrane resonators [13] , which is beneficial for studying the quantum behavior of the motion of graphene mechanical resonators. The last two terms represent the interaction between the cavity field and the two driven optical fields, and Ω = ω s -ω p is the probe-pump detuning. E p and E s are the amplitudes of the pump field and the probe field, respectively, and they are defined by |E p | = P in / ω p and |E s | = √ P s / ω s where P in is the pump power, P s is the power of the probe field, and κ e is external loss rate.
Writing the Heisenberg equations of motion and adding dissipation of the corresponding damping and noise terms, the quantum Langevin equations of the system as follows,
where the position operator X = b + + b, γ m is the decay rate of the graphene resonator, and κ is the decay rate of microwave cavity mode.â in (t) is the δ-correlated Langevin noise operator, which has zero mean â in (t) = 0 and obeys the correlation function
The resonator mode is affected by a Brownian stochastic force with zero mean value, andξ (t) has the correlation function
where k B and T are Boltzmann constant and temperature of the reservoir of the coupled system, respectively. Since the probe field is much weaker than the pump field, following the standard methods of quantum optics, we can rewrite each Heisenberg operator as the sum of its steadystate mean value and a small fluctuation withs zero mean value: O → O s + δO (O = a, X). Supposing the driving fields are weak but classical coherent fields, all operators can be treated with their expectation values, and the quantum and thermal noise terms will also be dropped [25] . In this case, the steady-state values are governed by the pump power and the small fluctuations by the probe power. Inserting these operators into the Langevin equations Eqs. (2) 
For the equation set of small fluctuation, we make the ansatz [40] :
Solving the equation set and working to the lowest order in E s but to all orders in E p , we can obtain
where
Using the standard input-output relation [41] 
where a out (t) is the output field operator. Equation (7) shows that the output field consists of three terms. The first term corresponds to the output field at driving field with amplitude ε p and frequency ω p . The second term corresponds to the probe field with frequency ω s related to the anti-Stokes field resulting in OMIT, which has been investigated in various optomechanical systems [24] [25] [26] [27] . The transmission spectrum of the probe field defined by the ratio of the output and input field amplitudes at the probe frequency, which shows
The transmission group delay can be expressed as [25] 
The magnitude and phase of the transmitted probe could be determined experimentally by measuring the inphase and quadrature response of the system to the input modulation. The last one in Eq. (7) corresponds to the output field with frequency 2ω p -ω s related to the stoke field displaying the FWM. In the FWM process the two photons of the driving field interact with a single photon of the probe field each with frequencies ω p and ω s born a new photon of frequency 2ω p -ω s . The FWM intensity in terms of the probe field can be defined as [38] 
which is proportional to the intracavity photon number a 2 s .
Results and discussions
We choose a realistic coupled nanomechanical resonator-microwave cavity system with the parameters as follows [34] We first consider the situation where the microwave cavity is driven on its red sideband, i.e., p = ω m . Figure 2 (a) and (b) plot the transmission |t| 2 of the probe beam as a function of the probe-cavity detuning s = ω s -ω c without (P in = 0 nW) and with (P in = 2 nW) the pump field powers. It is clearly see that the transmission spectrum of the probe beam shows a significant transparency window at s = 0 in the presence of a pump field, and the transparency window can be modulated effectively by the pump field, which has been demonstrated by several groups in optomechanical and electromechanical system [13, 25, 27] . This physical phenomenon is very similar to electromagnetically induced transparent. The simultaneous presence of pump and probe microwave fields induce a radiationpressure force oscillating at the beat frequency Ω = ω s -ω p , which drives the graphene mechanical resonator near its resonance frequency. If the beat frequency Ω is close to the resonance frequency ω m of the graphene resonator, the mechanical mode starts to oscillate coherently, which will result in Stokes (ω S = ω p -ω m ) and anti-Stokes (ω AS = ω p + ω m ) scattering of light from the strong intracavity field. Since the cavity is driven on its red sideband, the Stokes scattering at the frequency ω p -ω m is strongly suppressed and only the anti-Stokes scattering at the frequency ω p + ω m builds up within the cavity. Destructive interference between the anti-Stokes field and the probe field can suppress the build-up of an intracavity probe field and result in the narrow transparency window, which indicates a tendency to reach the slow-light effect in graphene optomechanics. When the radiation pressure force drives the vibration of the graphene resonator, the displacement x of the nanomechanical resonator from its equilibrium position will alter the capacitance of the microwave cavity and therefore its resonance frequency. The effective refractive in- dex seen by the propagating probe field changes and a phase shift is induced under the red sideband. When the narrow transparency window appear in the graphene optomechanics, there will be a very steep positive phase dispersion around s = 0 at red sideband p = ω m with the pump power P in = 5 nW, which will result in a tunable group delay (i.e. the slow-light effect) of the transmitted probe beam as shown in Fig. 2(c) . In Fig. 2(d) we plot the transmission group delay τ g of the probe beam versus the pump power P in under the red sideband p = ω m . As can be seen from the figure, the maximum transmission delay is τ g ≈ 0.4 ms, which is much bigger than in nanoscale optomechanical crystal system [27] .
Switching the cavity-pump field detuning p from the red sideband p = ω m to the blue sideband p = -ω m and increasing the pump field intensity, we display the transmission spectra of the probe field as a function of s for three different pump field powers (P in = 0, 0.1, 0.3 nW) as shown in Fig. 3(a)-(c) . Under the blue sideband, the effective interaction Hamiltonian of the microwave cavity field and the graphene mechanical resonator mode reduces to H int = G(a + b + + ab) with the effective coupling strength G = g √ n 0 , which induces the parametric amplifications. When the control field is off (P in = 0), the transmission spectrum of the probe field shows the usual Lorentzian line shape of the cavity. As turning on the pump field, the transmission is attenuated around the probe cavity detuning s = 0 compared with the situation where the pump field is off at the pump power P in = 0.1 nW. With further increase the pump field power to P in = 0.3 nW, the system switches from electromagnetically induced absorption (EIA) to parametric amplification (PA) [27] , inducing a signal amplification. Thus, the graphene optomechanical system can act as a photonic transistor, where the probe ('source') field is manipulated by the pump ('gate') field. These phenomena can be understood as follows. The radiation pressure force drives the vibration of the graphene resonator near its resonant frequency under resonant cavity pump detuning, i.e., p = ±ω m . When the beat frequency Ω between the probe and pump field is close to the resonance frequency ω m of the resonator, the mechanical mode starts to oscillate coherently, which will induce Stokes and anti-Stokes scattering of light from the strong intracavity field. When the microwave cavity is driven on its blue sideband ( p = -ω m ), it is the Stokes field that interferes with the near-resonant signal field and thus modifies the probe spectrum. Therefore, the constructive interference between the Stokes field and the probe field amplifies the weak probe field. Similarly, switching the cavity-pump field detuning p to the blue sideband p = -ω m , we plot the phase of the transmitted probe field as a function of the probe-cavity detuning s at the pump power P in = 5 nW as shown in Fig. 3(d) . Therefore a steep negative phase dispersion will appear at s = 0 which results in fast-light effect. Figure 3 (e) presents the group delay τ g as a function of the pump power for p = -ω m . The group delay is negative, and then we can obtain the fast-light effect when the microwave cavity is driven on its blue sideband. Compared with the situation at the red sideband, we can propose a scheme to efficiently switch from pulse delay to pulse advancement by adjusting the pump-cavity detuning. Fixing the probe field with frequency at ω s = ω c and then scanning the pump frequency across the microwave cavity resonance frequency ω c , one can efficiently switch from the probe pulse delay to advancement without appreciable absorption or amplification as the pump detuning p equals to ω m or -ω m . We further focus on the narrow region around probe-cavity detuning s ≈ 0 which amplifies the probe field, and plot the transmission of the probe field as a function of the probe-cavity detuning in Fig. 3(f ) for several pump field powers, respectively. It is clearly seen that the transmission is significantly enhanced around s ≈ 0 at the higher pump field power. Recently, similar results have been obtained experimentally [31] . Therefore, the transmitted probe field can be attenuated or amplified in this coupled system under the strong pump field when the cavity-pump detuning at the blue sideband p = -ω m . Actually, the similar results of Fig. 2 and Fig. 3 have been demonstrated in typical cavity optpmechanics [11] and graphene optomechanical system [33] , here, we still give these results in this work because several reasons. The first one is that we are more care of the steep phase dispersion φ = arg[t(ω s ) and its related coherent optical propagation under different detuning regimes, such as the slow light effect in red detuning and the fast light effect in blue detuning. When we investigate the coherent optical propagation (slow and fast light), the physical origin of the phenomenon of OMIT should be elaborated, and then we present OMIT as figure in Fig. 2(a) and (b) . The second one is that we hope to present the whole information of the transmission spectrum at both the red and blue detuning. It is obvious that OMIT in red detuning induced the slow light, while OMIA and parametric amplification in blue detuning leading to the fast light, and a photonic transistor to amplify a weak microwave signal can also realize in blue detuning. Moreover, it is beneficial to make a contrast between Fig. 2 and Fig. 3 . Compared with Fig. 2 and Fig. 3 , we can clearly obtain the evolutionary process of the probe transmission spectrum, the steep phase dispersion, and the group delay τ g at the two different detuning regimes. The third one is that the investigation of OMIT and OMIA is helpful for studying the nonlinear process of FWM. In the following, the nonlinear phenomenon of FWM process in the graphene optomechanics will be demonstrated emphatically, and the physical origin of FWM is at-tributed to the quantum interference, which also result in OMIT and OMIA. Due to the above reasons, we still present the results of Fig. 2 and Fig. 3 in this work although they are a little similar to the previous work [33] .
On the other hand, as typical nonlinear optical phenomenon, we investigate the FWM process with Eq. (10) in the graphene optomechanical system. Figure 4 plots the FWM spectrum as a function of the probe-cavity detuning s = ω s -ω c at p = 0 for three different frequencies ω m of the resonator, and the insert shows the amplification of the right three peaks. It is shown that three sharp peaks in the FWM spectra accurately locate at the resonance frequency of the resonator ( s = ±ω m ). The physical origin of this result is attributed to the quantum interference between the mechanical modes and the beat of two optical fields via the cavity. When the beat frequency Ω of the two optical fields via the graphene optomechanical system is close to the resonance frequency ω m , the resonator starts to oscillate coherently, which results in Stokes (ω S = ω p -ω m ) scattering of light from the optomechanical system. Therefore, we can propose a straightforward optical scheme for determining the frequency of the resonator, and the measurement process includes two steps: (1) we apply a strong pump field to the system and fix the pump field at the resonance of cavity frequency p = 0; (2) we next apply another weak probe field to pass through the optomechanical system and detect the nonlinear transmission spectrum. Then two shark peaks will appear at the s = ±ω m as shown in Fig. 4 .
Switching p from p = 0 to p = ω m , we further investigate the evolution process of the FWM spectrum as a function of the probe-cavity detuning s on the red sideband p = ω m as shown in Fig. 4 . With increasing the pump power P in , the FWM intensity near the resonant region is strengthened significantly, and the linewidth of the spectrum is broadened simultaneously as shown in Fig. 5(a) . This is due to that more intracavity photon numbers are stimulated when the pump power increases, and thus the radiation pressure force and the effective coupling strength between the cavity and the resonator get stronger. On the other hand, without the interaction between the cavity field and the resonator, the FWM component will disappear immediately in the output field. Thus, the parametric coupling in the system plays a vital role in generating FWM, and the FWM intensity increases when the cavity is driven by a stronger pump field. The physical origin is derived from the near-resonant probe field interfere with the anti-Stokes field (ω AS = ω p + ω m ), and thus the pump field and the probe field can mix well via the resonator. The magnitude of the mixture will enhance with increasing the pump power. However, when further increasing the pump power P in and reach a critical value, the process of FWM will change significantly as shown Fig. 5(b) . We can see that the FWM spectrum will evolve from one peak to double peaks which is analogous the normal mode splitting, while the maximum value in the resonant region remains almost constant.
Return to Fig. 5(a) , the peak value of FWM in the resonant region ( s = 0) is plotted as a function of the pump power under p = ω m as shown in Fig. 6(a) , the FWM intensity near the resonant region is strengthened significantly and the linewidth of the spectrum is broadened simultaneously. With the increase of P in , this value is greatly enhanced and finally reaches saturation at a low pump power as shown in Fig. 6(b) . Compared with the transmission spectrum |t| 2 , the amplitude of the FWM spectrum is weak. In order to make the FWM phenomenon visible, two schemes can be introduced, The first one is that we can increase the pump power P in . The Eq. (10) indicates the relation of FWM ∝ a 2 s , and the intracavity photon number a 2 s ∝ P in . Then, if the pump power is enhanced, the intensity of the FWM can also improved. The second one is that we can pave one layer of metal nanoparticles (such as gold or silver) on the graphene. The metal nanostructures can be excited to produce surface plasmon (SP) with strongly enhanced electromagnetic fields, and surface plasmon provides the enhanced nonlinear optical effects.
The phenomena of OMIT and OMIA are ascribed to the quantum interference induced by the radiation pressure force, and the slow and fast light effects are demonstrated in the graphene optomechanical system, which may indicate applications in quantum information processing. On the other hand, this enhanced FWM may prove useful in generating nonclassical states, such as squeezed states of microwave fields, and generation and detection of the squeezed sates of the output microwave field has been proposed by parametrically driving the nanomechanical resonator capacitively coupled to a microwave cavity [42] . In addition, this extremely low power with a resonantly enhanced nonlinear effect of the graphene optomechanics may indicates potential applications in real communication networks. One potential application is microwave communication networks for frequency conversion at a low pump power. When the graphene resonator-microwave cavity system is driven simultaneously by a strong pump field with frequency ω p and a weak probe field (with frequency ω s ) on the red sideband, a new field (converted field) is generated by FWM at the frequency 2ω p -ω s . The conversion efficiency can be enhanced by increasing the power of the pump field. Experimental realization of this system [32] [33] [34] should make the application possible in the future.
Conclusion
We have demonstrated both electromagnetically induced transparency and microwave amplification in graphene optomechanical system under different detuning conditions. Destructive interference between the probe beam and the anti-Stokes field at red sideband leads to a transparency window in the probe transmission spectrum accompanying with a steep positive phase dispersion, giving rise to the corresponding slow light effect. Theoretical results show that an optically tunable delay of 0.4 ms of the transmitted probe beam. While at blue sideband, the constructive interference between the Stokes field and the probe field amplifies the weak probe field which suggests a optical transistor, and meanwhile a steep negative phase dispersion leads to fast-light effect. We further investigate the resonantly enhanced FWM in the coupled system, and the FWM intensity can be efficiently modulated by cavity-pump detuning and the pump power.
